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Abstract 

In this paper, we deal with a new type of differential equations called 
anticipated backward doubly stochastic differential equations (anticipated 
BDSDEs). The coefficients of these BDSDEs depend on the future value 
of the solution (Y,Z). We obtain the existence and uniqueness theorem 
and a comparison theorem for the solutions of these equations. 
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1 Introduction 

Backward stochastic differential equation (BSDE) was considered the general 
form the first time by Pardoux-Peng [10] in 1990. In the last twenty years, the 
theory of BSDEs has been studied with great interest due to its applications in 
the pricing/hedging problem (see e.g. [HE]), in the stochastic control and game 
theory (see e.g. (SJEJ), and in the theory of partial differential equations (see e.g. 

ME]). 

In order to give a probabilistic representation for a class of quasilinear stochas- 
tic partial differential equations (SPDEs), Pardoux-Peng [12] first studied the 
backward doubly stochastic differential equations (BDSDEs) of the general form 

Y t = £+ f f(s,Y s ,Z s )ds+ f g{s,Y s ,Z s )d£ s - f Z s dW s , te[0,T], (1) 
Jt Jt Jt 
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where the integral with respect to {B t } is a "backward Ito integral", and the 
integral with respect to {W t } is a standard forward integral. Note that these two 
types of integrals are particular cases of the Ito-Skorohod integral, see Nualart- 
Pardoux [9]. Pardoux-Peng [12] proved that under Lipschitz condition on the 
coefficients, BDSDE (JT]) has a unique solution. Since then, the theory of BDS- 
DEs has been developed rapidly by many researchers. Bally-Matoussi pQ gave 
the probabilistic representation of the solutions in Sobolev space of semilinear 
SPDEs in terms of BDSDEs. Matoussi-Scheutzow [8] studied BDSDEs and their 
applications in SPDEs. Shi et al. [13] proved a comparison theorem for BDS- 
DEs with Lipschitz condition on the coefficients. Lin [7] obtained a generalized 
comparison theorem and a generalized existence theorem of BDSDEs. 

On the other hand, recently, Peng- Yang [13] (see also [16]) introduced the 
socalled anticipated BSDEs (ABSDEs) of the following form: 

-dY t = f(t,Y t ,Z t ,Y t+S{th Z t+m )dt-Z t dW t , te[0,T]; 
Y t = 6, te[T,T + K]; 

Z t = Vt, te[T,T + K], 

where 6(-) : [0, T] -> M+\{0} and £(■) : [0, T] ->■ M+\{0} are continuous functions 
satisfying 

(al) there exists a constant K > such that for each t G [0, T], 
t + 5(t) <T + K, t + C(t) <T + K; 

(a2) there exists a constant M > such that for each t G [0, T] and each 
nonnegative integrable function g(-), 

T t-T+K pT i-T+K 

g(s + 5(s))ds < M / g(s)ds, / g(s + ((s))ds < M g(s)ds. 



Peng- Yang [13] proved the existence and uniqueness of the solution to the above 
equation, and studied the duality between anticipated BSDEs and delayed SDEs. 

In this paper, we are interested in the following BDSDEs with coefficients 
depending on the future value of the solution (Y, Z): 

-dY t = f(t,Y tl Z tl Y t+5 (t),Z t+at ))dt 

+g(t, Y t , Z t , Y t+ s { t),Zt +a t))d£t ~ Z t dW t , t G [0, T]; 
Y t = 6, te[T,T + K}; 

Z t = Vt , t G [T,T + K), 

where 5 > and C > satisfy (al)-(a2). We prove that under proper assump- 
tions, the solution of the above anticipated BDSDE (ABDSDE) exists uniquely. 
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Besides, a comparison theorem is established for the 1-dimensional anticipated 
BDSDEs. It may be mentioned here that, to deal with (J2J), the most important 
thing for us is to establish the similar conclusions as in [12] and [H] for BDSDE 
(JT]) with £ belonging to a larger space. 

The paper is organized as follows: in Section 2, we make some preliminaries. 
In Section 3, we mainly study the existence and uniqueness of the solutions of 
anticipated BDSDEs, and in Section 4, a comparison result is given. Finally in 
Section 5, the conclusion and future work are presented. 

2 Preliminaries 

Let T > be fixed throughout this paper. Let {W t }t£[o,T} an d {B t } te [ 0tT ^ be two 
mutually independent standard Brownian motion processes, with values respec- 
tively in M. d and M}, defined on a probability space (Q, J 7 , P). Let M denote the 
class of P— null sets of J 7 . We define 

T t :=FZvF t % te[0,T]; g s :=FZy^T+K, se[0,T + K], 

where for any processes {y?t}, J\f t = cr{(p r - ^ s ,s<r<f}V Af. We will use the 
following notations: 

• L 2 {Qx'-, W 11 ) := {£ G M m | £ is an (^-measurable random variable such that 
£|£| 2 <+oc}; 

• Lg(0, T] M. m ) :— {(p : Q x [0, T] — > MJ 71 \ tp is an (^-progressively measurable 
process such that E J Q T \ip t \ 2 dt < +oo}; 

• Sg(0, T; R m ) := {cp : Qx [0, T] ->■ M' m | y? is a continuous and (^-progressively 
measurable process such that i?[sup 0<t<T |y3t| 2 ] < +oo}. 

Remark 2.1 should be mentioned here that, the existing result about BDS- 
DEs are established almost under the condition that the terminal value £ is Tt- 
measurable (see ffitf , [Lffl , etc.). In this paper, we will first treat the case when £ 
is Qt -measurable. 

For each t e [0, T], let 

/(*,., -,-,•) : ftx[0,T]xW m xW mxd xL 2 g {t,T+K; R rn )xL 2 g {t,T+K;R mxd ) -»■ L 2 (&;M m ), 

g(t, ■,-,-,■) : []x [0, T]xl m xt mxd x4(t, T+iT; l m )x^(t, T+if; E mxd ) -> L 2 (&;K mxZ ). 
We make the following hypotheses: 
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(HI) There exists a constant c > such that for any r, r G [t, T + K], 
(t, y, z, 6, 0), (t, i/', 2', 0') G [0, T]xK m x M mxd x L 2 g (t, T + K; R m ) x L 2 (t, T + 
X;R mxd ), 

|/(t, y, z, r , fa)- f{t, y', z', 9' r , 0' f )| 2 < c (\y- y f+\z-z'\ 2 +E^ [|(? r -^.| 2 +|0 f -0;| 2 ]). 
(H2) E[ff\f(s,0,0,0,0)\ 2 ds]<+oo. 

(H3) There exist constants c > 0, < «i < 1, < «2 < jj, satisfying 
< a 1 +a 2 M < 1, such that for any r, f G [i,T+lf], (t,y, z,6,4>), (t,y' , z' ,9' ,(/)') G 
[0, T]xK m x R mxd x L 2 (t, T + K; R m ) x L 2 (t, T + K; R mxd ), 

\g(t, y, z, 9 r , <f>r)-g{t t y', z' , ff r , <j>' f )\ 2 < c^y-y'^+E^Or-O^+a^z-z'^+^E^-^ 
(H4) E[Jq \g(s,y,z,6,(j))\ 2 ds] < +oo, for any (y,z,9,(j>). 



3 Existence and uniqueness theorem 

In this section, we will mainly study the existence and uniqueness of the solution 
to anticipated BDSDE §2§. For this purpose, we first consider a simple case when 
the coefficients / and g do not depend on the value or the future value of (Y, Z): 

Y t = fr + J f{s)ds + J g(s)dB~ s -J Z s dW Sl te[0,T], (3) 

where / G L 2 g (0, T; R m ), g G L g (0, T; R mxl ) and f T G L 2 (Q T ; R m ). 

Theorem 3.1 Given £ T G L 2 (Q T ; R m ), BDSDE (TJj has a unique solution (Y, Z) G 
L 2 g (Q,T;R m ) x L 2 (0,T;R mxd ). 

Proof. To prove the existence, we define a filtration by 

Ht , = J rWy jtB t+k ^ £ g [0,T + K] 

and a %t-square integrable martingale 

M t :=E n <{fr+ [ f(s)ds+ [ g(s)d < B s } 1 t G [0,T]. 
Jo Jo 

Thanks to Ito's martingale representation theorem, there exists a process Z G 
L 2 i (0,T;R' nxd ) such that 



M t = M + [ Z s dW s , t G [0, T], 
Jo 



which implies 

M t = M T - j Z s dW s , te[0,T]. 

Hence 

E Ht [fr+ [ f(s)ds+ [ g(s)d < B.]=fr+ f f{s)ds+ f g(s)dB~ s -[ Z s dW s 
Jo Jo Jo Jo Jt 



Subtract f Q f(s)ds + L g(s)dB s from both sides, then we have 
Y t = fr + J f(s)ds + J g(s)dJ3 s - J Z s dW s , 

where 

Y t :=E n *[fr + J f(s)ds + J g(s)dB~ s }. 
Next we show that (Y, Z) are in fact ^-adapted. In fact, it is obvious that 

Y t = E[e\g t vrg t ], 

where 9 := £ r + J t f(s)ds + J t g(s)dB s is J^V JF^ T+K measurable. Note that 
JFqi is independent of Qt V cr(G), then we know 

Y t = E[Q\G t }. 

T T T 

J Z s dW s = i T + J f(s)ds + J g(s)dJ3 s -Y t , 

and the right side is V Tf T , K measurable. Then from Ito's martingale 
representation theorem, (Z s ) se [t,T] is V Tf T+K adapted, which implies Z s is 
•^os V 3~t^T+K measurable for any t < s. Thus Z s is J 7 ^ V Tf T+K measurable. 

To show the uniqueness. We suppose that (Y, Z) is the difference of two 
solutions. Then 



Y t + J Z s dW s = 0, te[o,T]. 



Hence 

E\Y t \ 2 + E^ \Z s \ 2 ds = 0, 

which implies Y t = 0, a.s. and = a.s., a.e.. □ 
Now we establish the main result of this part. 
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Theorem 3.2 Assume that (al)-(a2) and {H1)-{HA) hold. Then for given (£, rf) G 
Sg(T, T+K; R m ) x L 2 (T, T+K; R mxd ), the anticipated BDSDE has a unique 
solution (Y,Z) G Sg(0 : T + K; R m ) x L 2 g (0, T + K; R rnxd ). 

Proof. Denote by S the space of (Y, Z) G L§(0, T+K; R m ) x L§(0, T+K; R mxd ) 
such that (It, Z t )ta[T,T+K] = (€t,Vt)te[T,T+K]- Given (y, z) G 5, we consider the 
following equation: 

-dY t = f(t,y t ,z t ,y t+5{t) ,z t+m )dt 



(4) 



+g(t,y u z t ,y t+5{ t),z t+m )dB t - Z t dW t , t G [0,T]; 
*t = 6, tG[T,T + K]; 

^ = Vu te[T,T + K]. 

It is obvious that the above equation is equivalent to the BDSDE 

-dYt = f(t,yt,z t ,y t+s{t) ,z tH ( t) )dt 

+g(t,yt,zt,yt+s{t),zt+at)) d Bt - z t dw t , t g [o,t]; 

Yt = £r G £t, 

which admits a unique solution in the space Sg(0,T;R m ) x Lg(0, T; M mxd ) ac- 
cording to Theorem 13.11 Thus BDSDE (j3J) has a unique solution in S. Define 
a mapping / from S into itself by (Y, Z) = I(y,z), then (Y, Z) is the unique 
solution of BDSDE (gj). 

Let (y',z') be another element of <S, and (Y',Z r ) = I(y',z'). We make the 
following notations: 

y =y - y', z = z - z', Y = Y - Y', Z = Z - Z, 
ft =/(*, y t , Zt, y t+5 (t),z t+m ) - f(t, y' t , z' t , y' t+m , z' t+m ). 

For any ft > 0, apply Ito's formula to e^lYl 2 , 

e^\Y t \ 2 + J^e^[fi\Y s \ 2 + \Z s \ 2 }ds 

= 2 J^e^YJsds + jf e? s \g s \ 2 ds + 2 jf e P s Y s g s dBJ s - 2 £ e? s Y s Z s dW s . 
Take mathematical expectation on both sides, then we have 

e^E\Y t \ 2 + E [ e^ s [(3\Y s \ 2 + \Z s \ 2 }ds = 2E [ e^ s YJ s ds + E[ e^\g s \ 2 ds. 
Jt Jt Jt 
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Hence from (Al), (A2) and the inequality 2ab < Xa 2 + j^b 2 , 
e^E\Y t \ 2 + E f t e^ s [(3\Y s \ 2 + \Z s \ 2 ]ds 
<E^e^[X\Y s \ 2 + {\f s \ 2 }ds + Ej t T e^\g s \ 2 ds 

< E J t T e? s [X\Y s \ 2 + (f + c)(\y s \ 2 + \y s+ s( s )\ 2 ) + (f + «i)|^| 2 + (f + a 2 )\z sH{s) \ 2 ]ds 

< E £ +K e? s l\\Y s \ 2 + (f + c)(l + M)\y s \ 2 + (f (1 + M) + ^ + a 2 M)|z s | 2 ]ds, 
which implies 

E^ +K e^[((3-X)\Y s \ 2 + \Z s \ 2 }ds 

< Ej™ e^[(f + c)(l + M)|y s | 2 + (f (1 + M) + ai + a 2 M)|f a | 2 ]ds 
= (|(1 + M) + «i + *MEg+ K e ^^ZuM + l*.l>- 

Hence if we choose A = Ao satisfying c := ^(1 + M) + a\ + a 2 M < 1, choose 
- \ n j c(i+A )(i+A/) , denote -v — c(i+a )(i+m) 4-w we deduce 

P - A0+ c (l + M)+Ao(ai+a 2 M)' dI1U aellOTe 7 • — c (i +M ) +Ao ( ai+Q2 M) ' lnen We reduce 
pT+K />T+K 

E J e^lZ] 2 + \Z s \ 2 ]ds < cE J e^\y s \ 2 + \z s \ 2 ]ds. 

Thus / is a strict contraction on S and it has a unique fixed point (Y, Z) £ S. 
Now due to Burkholder-Davis-Gundy inequality, it is easy to check that Y £ 
Sg(0, T + K- R m ). The proof is complete. □ 

Remark 3.1 In the proof of Theorem \3.2\ we use the norm 

\(Y, Z)\ (M = {E [ T+K e^( 7 \Y s \ 2 + \Z s \ 2 )ds}K 
Jo 

which is very convenient for us to establish a strict contraction mapping. In 
fact, it is obvious that this new norm is equivalent to both norms \ (Y, Z)\^^ and 
\(Y, Z)|(o,i), and the latter is just the general norm defined on the space Lg(0,T + 
K; W n ) x L 2 g (0,T + K;R mxd ). 

4 Comparison theorem 

In this part, we are concerned with the following 1-dimensional anticipated BDS- 
DEs: 

-dY> = P(t,Y^ZlYi +S{ty Zl a ^dt + g(t^ te[0,T]; 
Yi = t € [T,T + K], 

Z J t = 4, t e [T,T + K], 

(5) 
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where j = 1,2, and (al)-(a2), (H1)-(H4) hold. Then by Theorem^ © has a 
unique solution. 

Our objective is to obtain a comparison result for these two equations. For 
this purpose, we first consider a simple case when the coefficients p and g do not 
depend on the future value of , 

Y? = f j (s,Y s i,Zi)ds+J* g(s,Y s i,Zi)d% s -£ T Z{dW s , te[0,T}. (6) 

Theorem 4.1 Let (Y^,Z j ) e Sg(0, T\ R) x L 2 (0,T;R d ) (j = 1,2) be the unique 
solutions to BDSDEs fifij) respectively. If Q > a.s., and for any (t,y,z) G 
[0,T]xMxR d , f l {t,y,z) > f 2 (t,y,z), a.s., thenY} > Y 2 , a.s., for all t e [0,T]. 

Proof. Denote 

Y t := Y 2 — Y t , Z t := Z 2 — Z t , £t '■= ~ £tj 
then (Y, Z) satisfies 

Yt = £t+ /V(«> Y 2 , Z 2 )-f\ Sl Y s \ Z])]ds+ [ T [g( Sl Y 2 , Z 2 )-g{s, Y s \ Z\)]d*B s - f Z s dW s . 
Jt Jt Jt 

Applying Ito's formula to |ly | 2 , we have 
\Y t + \ 2 = \m 2 + z£Y+[f 2 {sX,Z 2 )-f\sX,Z])]ds 

+2 Y+\g(a, Y 2 , Z 2 ) - g(s, Y s \ - 2 jf Y+Z s dW s 

- Jf l {Yi>Y , } \Z s \ 2 ds + jf \ {Y}>Y}} \g{s, Y 2 , Z 2 ) - g(s, Y s \ Zl)\ 2 ds. 
Taking expectation on both sides and noting that Q > £f,, we get 
E\Y+\ 2 + E-£l {Yi>n} \Z s \ 2 ds = 2EtfY+[f 2 (s,Y s 2 ,Z 2 )-f\s,Y s \Zl)]ds 

+EJ? l {Ys2>Y , } \g(s, Yl Z 2 ) - g(s, Y s \ Z])\ 2 ds. 

While, 

2£ jf [/ 2 (5, Y 2 , Z 2 ) - f(s, Y s \ Z])\ds 

=2E J t T Y+[f 2 (s, Y 2 , Z 2 ) - f\s, Y 2 , Z 2 ) + f\s, Y 2 , Z 2 ) - f\s, Y s \ Z})]da 

< 2E£ Y +\f\sX,Z 2 s ) - f\sX,Z])\ds < 2^-cE jf % Y+[\Y.\ + \Z s \]ds 

< (2V~c + j^)e£ \Y+\ 2 ds + (1 - ai ) jf \ {Y?>Y}] \Z s \ 2 ds, 
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and 

E jf l {Y 2 >Y i } \g(s, Y 2 , Z 2 ) - g(s, Y s \ Z])\ 2 ds 
< E f l {Y 2 >Y i } [c\Y s \ 2 + a^Z^ds 

My?>y}}\ Z s\ ds. 
Then, thanks to the above inequalities, we obtain 

E\Y t + \ 2 <{c + 2^c+-^)E [ T \Y s + \ 2 ds, 

1 ~ on J t 

which implies 

E\Y t + \ 2 = 0, for all t G [0,T]. 

Therefore > Y 2 , a.s., for all t G [0, T]. □ 

From now on, we consider the anticipated BDSDEs (jSJ). We give the following 
result. For the proof, the reader is referred to [T5] . 



Proposition 4.1 Putting to = T, we define by iteration 

U := min{t G [0, T] : min{s + 5(s), s + ((s)} > U_ u for all s G [t, T]}, i > I. 

Set N := max{z : ti-i > 0}. Then N is finite, tw = and 

[0, T] = [0, tjv-i] U [tiv-i, tjv- 2 ] U • • • U [t 2 , ti] U [h, T]. 

Proposition 4.2 For j = 1,2, suppose that (Y^ , Z J ) z's t/ie unique solution to 
the anticipated BDSDE (Ep. T/ien /or /ized z G {1,2,..., iV}, over time interval 
[£j,ti_i], ([3P is equivalent to 

-dY? = P(t,Y t j ,Zi,Yl m ,Zi m )d^ te[U,ti-i)\ 

Yl = Y t j , telt^T + K], 

Z{ = Zl te [ ti _ uT + K], 

. (7) 

which is also equivalent to the following BDSDE with terminal condition Y^. : 

yi = Y L,+\y /'"(«, yj, z l z L«s)) ds +l ^ 9(s, Yj, J" 1 ~z\dw s . 

(8) 

That is to say, 

Yl = Yi = Yl Z\ = Zl = Zl = ^P' , t G [U, t^}, j = 1,2., 

where (Y^ , W) is the variation process generated by Y^ and the Brownian motion 
W. 
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The main result of this part is 



Theorem 4.2 Let {Y\Zi) G S%(0,T + K;R) x L 2 g (0,T + K;R d ) (j = 1,2) 6e 
t/ie unique solutions to anticipated BDSDEs (TJJ) respectively. If 

(i) e s >e s ,s e[T,T + K],a.e.,a.s.; 

(ii) forallt G [0,T], (y,z) G RxR d , 6 j G S%(t,T+K;R) (j = 1,2) sucft tfmffl 1 > 
# 2 , {^}re[t,r] a continuous semimartingale and (6l) r <z[T,T+K] = (£r)re[T,T+K]> 

f 1 {t,y,z i e 1 t+m ,'q l t ^ m ) > f(t,y,z,9^ +m ,rj^ +m ), a.e.,a.s., (9) 

,1,, fl i ri^.WQr , x . f2 ,, fl2 v 

J {t,y, z ,Vt+5(t)> ^" \r=t+at)> > J {t,y,z,Vt+s(t)i ^ |r=t+c(t)J> a.e.,a.s., 

(10) 

/ {t,y,z,Zt+s(t)i J r \r=t+at)) > f {t,y,z,£ t+m , — | r=t+c(t) ) ; a.e.,a.s., 

(11) 

t/ien l^ 1 > Y 2 , a.e., a.s.. 

Proof. Consider the anticipated BDSDE dSJ) one time interval by one time 
interval. For the first step, we consider the case when t G [ti,T]. According 
to Proposition 14.21 we can equivalently consider 

y? = & + [ Pis, Y s \ Z>, e s+ s {sV vl +as) )ds + £ g(s, Yj, Zi)d < B s - £ Z{dW s , 
from which we have 

z( = % = d{YJ d ^ ]t , te[h,T}. (12) 

Noticing that & G Sg(T, T + K;R) (j = 1,2) and f 1 > £ 2 , from (j2j) in (ii), we 
can get, for s G fa, T], 3/ G E, £ G R d , 



According to Theorem I4.1[ we can get 

Y? - ^ 2 > * G [*i,T], a.e.,a.s., 

which implies 

Kl) \ V (2) 



y t w >y t w , £ G [ti, T + /<"], a.e.,a.s.. (13) 
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For the second step, we consider the case when t G [£2, ti\. Similarly, according 
to Proposition 14.21 we can consider the following BSDE equivalently: 



ft = jT P(s, ft, Y s j +s{s) ,Zi +c{s) )ds+£ g(s, ft, 'zftdfo s - J * Z> s dW s , 



from which we have Z{ = Z{ = d{Y ^ ]t for t G [« 2 ,*i]- Noticing (PJ) and (USD, 
according to (ii), we have, for s G [^2,^1], y G M, z G M. d , 

f (s, y, z, F a+5(a) , Z s+C ( s )) > / 2 (s, y, z, l^ 2 +5(s) , ^ s 2 +c(s) ). 

Applying Theorem 14.11 again, we can finally get 

Yt > Y t 2 , t G [i 2 , a.e.,a.s.. 

Similarly to the above steps, we can give the proofs for the other cases when 

t£ [£3^2], [^4,^3], ••• , [tN,tN-l]- 1=1 

Example 4.1 Now suppose that we are facing with the following two ABDSDEs: 

-dY} = E^[Y t \ m + sin(2Y/ +5W ) + \Z] +m \ + 2}dt 

+ K 1 + ^\Z\\]d% - Z\dW t , t G [0,21; 

Y t l = tf, t e [T,T + K] , 

Z\ = V l, t e [T,T + K], 

-dY? = E*[Y? +m + 2| cosY t 2 +5(t) | + sinZ 2 +c(t) - 2}dt 

+ [Y 2 + ^\]d% - Z?dW t , t G [0,71; 

Y t 2 = £ 2 , tE[T,T + K], 

Z 2 = v l t E [T,T + K] , 

where > & (2) , * G [T, T + K]. 
i£ zs obvious that 

x + sin(2a:) + |«| + 2 > y + 2| cosy| + sini> — 2, /or a// cc > y, x, y G R, u, v G M d , 
which implies (T^)-(fJ ij). inen according to Theorem \4-fy we getY^ > Y t 2 , a.e., a.s.. 

Remark 4.1 5y £/ie same way, /or tne case u>nen 5 = (^-( fHP can be replaced 
by flW together with 
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f X (t, y, z, C t+ 5( t )j Vt+((t)) — f 2 (t^V^ z - l ^t+s{t)i r lt+((t))^ a.e., a.s.. 

For a special case when f 1 and f 2 are independent of the anticipated term Z, 
we easily get the following comparison result. 

Theorem 4.3 Let (Y j , Z j ) G S%(0, T + K; R) x Lg(0, T + K; R d ) (j = 1,2) 6e 
the unique solutions to the following ABDSDEs respectively: 

f -dl? = P(t,Ylzi,Yl m )dt + g(t,YlZt)d^ t -ZidW t , te[0,T}; 

I *?' = & tG[T,T + K]. 

(%>£l>£^ S G[T,T + #],a.e.,a. S .; 

(it) for all t G [0, T], (y, z) G R x M ', j G Sg(t, T + A"; E) (j = 1, 2) snc/j that 
9 1 > 9 2 and (9j.) rf z[ TyT+K ] = (£ r )re[T,T+K], 

f\t, y, z, 9l +sit) ) > f(t, y, z, 6 2 t+5{t) ), a.e., a.s., (14) 

then Yt > Y 2 , a.e., a.s.. 

Remark 4.2 The coefficients f 1 and f 2 will satisfy (14\ ), if for any (t,y,z) G 
[0, Tjxlx R d , 9 G L 2 (t, T + K;R), r G [t,T + K], f\t, y, z, 9 r ) > f 2 (t, y, z, 9 r ), 
together with one of the following: 

(i) for any {t, y,z) G [0, T] x MxM d , f l {t,y,z,-) is increasing, i.e., J 1 (t, y,z,6 r ) > 
f\t,y,z,9' r ), if 9 > 9', 9,9' G L 2 {t,T + K;R), r G [t,T + K}; 

(ii) for any {t, y, z) G [0, T] xIRxIR d , f 2 (t, y, z, •) is increasing, i.e., f 2 {t, y, z, 9 r ) > 
f 2 (t,y,z,9' r ), if 9 > 9', 9,9' G L 2 (t,T + K;R), r e[t,T + K}. 

Remark 4.3 The coefficients f 1 and f 2 will satisfy (EJ\ ), if 

f\t, y, z, T ) > f(t, y, z, 9 r ) > f 2 (t, y, z, 9 r ), 

for any (t,y,z) G [0,7] x R x R d , 9 G L 2 g (t,T + K;R),r G [t,T + K]. Here 
the function f{t,y,z,-) is increasing, for any (t,y,z) G [0,T] xlx R d , i.e., 
f(t, y, z, r ) > f(t, y, z,9' r ), if 9 r >9' r ,9,9'e L 2 (t, T + K; R), r G [t, T + K\. 

Example 4.2 The following three functions satisfy the conditions in Remark \4 . S\ 
f\t,y,z,9 r ) = E^[9 r -sm(29 r )+2], f(t,y,z,9 r ) = E^[9 r +cos9 r ], f 2 (t,y,z,9 r ) = 
E Tt [0 r + 2 cos 9 r - 1]. 
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5 Conclusion and future work 



In this paper, we have established the existence/uniqueness theorem and the 
comparison theorem for the anticipated BDSDEs. Based on these results, my 
forthcoming paper will investigate the duality between the delayed forward SDEs 
and the anticipated BDSDEs, which will then be applied to solve the related 
stochastic control problems. For the future work, I will pay more attention to 
the applications of such equations. 
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